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0. INTRODUCTION 
Let E be a real Banach space, Z= [0, a), x0 E E and D = {x E E; 
I/x-- x0/l <r}. In this paper we shall consider the following initial value 
problem: 
x’ =f(t, x) 
(ivp) {x(O) = x0, 
where f(t, x): Ix D -+ E is a Caratheodory function, that is, f(t, X) is 
strongly Lebesgue measurable in t for fixed x ED and continuous in x for 
fixed Z E I. 
Suppose that b E (0, a) and n(t) is a function from [0, b] to E, if x(t) 
satisfies: x(O) =x0 and x’ =f(t, X) a.e. on [0, b], then we call x(t) a (local 
generalized) solution (in the sense of Caratheodory) to (ivp). 
In a recent paper [l], assuming that f was continuous and satisfied a 
certain condition of noncompact type, Month and von Harten established 
a significant existence result for (ivp). In Section 2 we shall generalize this 
result to the case in whichfis a Caratheodory function. The main theorem 
of that section is also an improvement of some results obtained by 
Pianigiani, Knight, and Szufla in 12, 3, and 41, respectively. 
Using our results in Sections 1 and 2, we shall generalize a result 
obtained by Du and Lakshmikantham [S] in Section 3, the monotone 
iterative technique will be applied more broadly than before. 
405 
0022-247X/87 $3.00 
CopyrIght 0 1987 by Academic Press, Inc 
All rights of reproduction in any form reserved 
406 ZAI-FENG SONG 
1. PRELIMINARIES 
DEFINITION 1. Let B be an arbitrary bounded subset of E; we define the 
Kuratowski and Hausdorff s measures of noncompactness respectively as 
cc(B) = inf(r; B admits a finite covering of sets of diameter d r}, 
/J(B) = inf(s; B admits a finite c-ball covering}. 
LEMMA 1. Let y = M or B and suppose that A and B are two arbitrary 
bounded subsets of E, then we have: 
(A) y(A) = 0 lff A is relatively compact; 
(B) y(A) = y(co(A)), where co(A) denotes the convex hull of A; 
CC) Y(A) G y(B), if A = 4 
(D) y(A+B)<y(A)+y(B), where A+B=(x+y;xeA andyEB}; 
and 
(E) y(tA)=]t(y(A), tER,andtA={tx;xEA}. 
LEMMA 2 (Pettis theorem [6 or 71). Suppose that x(t) is a function 
from I to E. Then x(t) is strongly Lebesgue measurable lff it is weakly 
Lebesgue measurable and there exists a Lebesgue measurable set C of 
measure zero such that {x(s); s E I - C} is separable. 
LEMMA 3. Let F be a separable subspace of E, {x,,(t)} be a sequence of 
absolutely continuous functions from [c, d] to F. Furthermore suppose that 
there exists a M(t) E L’(c, d) such that ]lx,(t)l] 6 M(t) and ]lxL(t)]l <M(t) on 
[c, d] for n = 1,2, . . . . Set h(t) = y( {x,,(t); n E N}), where y = G( or 8, then h(t) 
is also absolutely continuous and satisfies: 
(1) h’(t) G y({xXt); nEN}) a.e. on [c,d], when y=B and E is a 
weakly compactly generated space, that is, E is generated by a weakly 
compact subset of its own; or 
(2) h'(t) d 2y({xi,(t); nEN})a.e.on [c,d], wheny=aorBandEis 
an arbitrary Banach space. 
We can easily deduce this result from the corresponding theorem in [S]. 
DEFINITION 2. Let g(t, r): [0, a) x R+ + R be a Caratheodory function 
such that g(t, 0) = 0 on [0, a). Suppose that, for each bounded subset 
Bc R+, there exists an a&t) which, is integrable on [0, a) such that 
) g( t, b)] < a&t) for a.e. t E (0, a) and all b E B. We shall denote g E U, if the 
following (U) is satisfied: 
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(U) if p(t): [0, a) + R+ satisfies: 
( 1) p(t) is absolutely continuous; 
(2) p’(t) <g(t, p(t)) a.e. on (0, a); and 
(3) P(o)=p;(o)=o; 
then p(t) = 0 on [0, a). 
Also we shall denote go U,, if the following (U,) is satisfied: 
(U,) if p(t): [0, a)+ R+ satisfies the above (1) and (2) and the 
following (3’): 
(3’) P(O) = 0, 
then p(t) = 0 on [0, a). 
2. EXISTENCE THEOREM 
THEOREM 1. Let f (t, x): Z x D -+ E be a Caratheodory function. Suppose 
that there exists a M(t) E L’(Z) such that Ilf(t, x)ll 6 M(t) holds for a.e. t E Z 
and every x E D. Assume further that 
Y(f(C B)) GAG Y(B)) 
holds for a.e. t E Z and Bc D. Then the set C of solutions to the (ivp) on 
J= [0, b], where b is such that ft M(t) dt 6 r, is nonempty and compact, tf 
one of the following conditions is satisfied: 
(A) E is a weakly compactly generated space, y = /I, and: 
(Al) f(t, x) is continuous at (0, x) and ge U or 
(A2) gE U,; or 
(B) E is arbitrary, y = a or j3, and 
(Bl) f(t, x) is continuous at (0, x0) and 2gE U or 
(B2) 2gE U,. 
Proof Construct Peano approximations: 
xn(t)= i =I’+ St, f(s, x,(s - (b/n))) ds, 
te [-b/n, 0] 
t E [0, b]. 
Evidently, {xn(t); n E N} is an equicontinuous sequence of absolutely 
continuous functions from J to D and there is a M> 0 such that 
11x,( t)ll < M. From the definition we know also that {x;(t); n E N} is a 
sequence of strongly Lebesgue measurable functions and I(xL(t)jl < M(t), 
for n = 1, 2, . . . . 
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By virtue of Lemma 2, we see that for each n there is a set W,, c J of 
measure zero, such that {xl(t); t E J- W,,} is separable. Define 
ii(t) = 
i 
x0, tEUn., wn 
xLl(t), fEJ-un.1 w,,> 
then the subspace F generated by the set {x,,(t), xL( t); t E J and n E N} is 
also separable. Without loss of generality we may assume that x:(t) = xi(t), 
since Una r W, is a set of measure zero. 
When E is a weakly compactly generated space and y = /?, by Lemma 3 
we have 
WKB((4W; n-q) 
=B({f(~>+~)):~~N}) 
g(t,j({x,,(t-i);noN))) a.e. on J, 
where h(t) = p( (x,J t); IZ E N}). By virtue of Lemma 1 and the equicon- 
tinuity of {x,,(t); n E N}, we have 
B&(t); =N))-P x ({ n( t-+j)l 
,,({x.(t,-x.(t-+k})+o (k+co). 
Therefore /z’(t) < g(t, h(t)) a.e. on J and h(t) = 0 on J by the fact that 
h(0) = 0, when (A2) holds. 
If (Al) holds, we have 
+O (two+, k+ co). 
So when (A) holds, h(t) = 0 on J. The nonemptiness of the set C follows by 
the standard argument [9] or [lo]. The compactness of C is an immediate 
consequence if we replace {x,(t); n E N} above by any sequence of C. Thus 
the desired conclusion follows. 
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The case where (B) holds can be dealt with similarly. 
Remark 1. In [2,4] the type of conditions employed were 
where I,, 6 = (t - 6, t + 6) or [t, t + 6) and g is a certain kind of unique 
function. It is easy to verify that if E is a weakly compactly generated space 
or 2g E U,, then Theorem 1 is an improvement of the main results in 
[2,4], and it is true also for that in [3]. 
3. THE MONOTONE ITERATIVE TECHNIQUE 
In this section, using the result obtained in Section 2, we shall consider 
the existence of extremal solutions for (ivp) by employing the monotone 
iterative technique. 
DEFINITION 3. Let K be a cone in E. Define x 6 y if x, y E E and 
y-XEK. 
We list the following assumptions for convenience. 
(cl) f: [0, b] -+ E is a Caratheodory function; 
(~2) K is a normal cone in E, that is, x <y implies llxll < kll yll where 
k is a positive constant independent of x and y; 
(~3) there exists a constant M > 0 such that: 
f(c X)-.0& Y)> -wx- Y) for (t, x), (t, y) E J x D, when y <x; 
(~4) there exist two absolutely continuous functions v(t) (from 
J= [O, b] to E) and w(t) (also from J to E) such that 
and 
U(I) < w(t) for ~GJ, 
U’(f) at, v(t)) 
w’(t) aft4 w(t)) for a.e. t E J; 
(~5) for P= {x; there exists a teJ such that v(t)<x<w(t), there 
exists a Lebesgue integrable function m(t) from J to R such that 
Ilf( t, x)11 < m(t) for a.e. t E J and every x E P; and 
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(~6) for a.e. t E J and each B c P, 
r(f(h B)) 6 LY(B) 
holds, where y = cc or /3 and L is a positive constant. 
LEMMA 4. Suppose that (cl), (c4), and (~5) are satisfied, then for any 
g(t) in C(J, E) such that u(t) 6 g(t) d w(t) hofds for all t E J, the following 
linear equation: 
(LE) x'(t)=f(t, s(t))-w- g(t)) M>O 
x(0) =x0 o(0) d x0 G w(0) 
has a unique solution on J. 
ProoJ: Clearly (LE) has a solution on a subinterval of J by Theorem 1. 
If the maximal interval of existence of x(t) is [0, 6,], where b, <b, then for 
t,, t, E [0, 6,) with t, d t, we have 
Ile”‘x(t2)-eM’x(t,)ll 6 s’* (f(s, g(s))+Mg(s)) ds 
11 
6 s /‘ (m(t) + Mllg(s)ll) ds. 
This implies that lim, _ br x(t) exists. So the interval of existence of x(t) can 
be extended beyond bl, which contradicts the definition of b,, therefore 
x(t) exists on J. Since (LE) is a linear equation, x(t) is certainly the unique 
solution to (LE) on J. 
Denote the solution of (LE) by Ag(t); as in [S], we define (xn(t); n E N} 
and {y,(t); nEN} under the assumptions (cl)-(~6): 
xn+ I(t) = Ax,(t), Yn+ I(t) = AYn(th 
x0(t) = u(t), .Yo(r) = w(t)9 
n = 0, 1) 2, . . . . 
LEMMA 5. Suppose that (cl)-(~6) are satisfied, then: 
(1) v<Av, and w>Aw; and 
(2) A is monotone on P, that is, if g,, g, E C(J, E) are such that 
u(t)<g,(t)<g,(t)<w(t)for all teJ, then Ag,(t)<Ag,(t) holds on J. 
Proof: (1) Let Au=u, and p(t)=k*(o,(t)-u(t)), where k*EK*. 
Obviouslyp(O)=O. Sincep’(t)3k*(f(t,u)-M(u,-u)-f(t,u))= -Mp(t) 
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a.e. on .I, that is (e”‘p(t))’ > 0 a.e. on J, we have p(t) 0 on J by virtue of 
p(O) = 0 and the fact that e”‘p(t) is absolutely continuous. Because of the 
arbitrariness of k*, this implies that vr(t) Z u(t) on J, that is, u <Au. 
Similarly we can show that w > Aw. 
(2) Set q(t) = k*(Ag2(t) - Ag,(t)), from 
q’(t) = k*(f(t> gd - M(Ag, - gJ -f(t, 8,) + MC&, - g,)) 
~k*(-M(g~-g,)-M(Ag*-gz)+M(Ag,-g,)) 
= -Mq(t) a.e. on J, 
Ag, < Ag, follows similarly. 
From this lemma, it follows that: 
u(t)<x,(t)<x,(t)< ... <x,(t)6 ..’ 
6 Y,,(f) d ... Gyz(t)dy,(t)6w(t) on J, 
Since 
II (e”‘x .+l(t))‘ll + II(eMtyn+ l(t)Yll 
= (llf(t, x,(t)) + Mx,(t)ll + llf(C .vAt)) + M~,(t)ll) CM’ 
< (2m(t) + 2Mkllw(t)l() eMr a.e. on J, 
by Lemma 3, if we let h(t)=y( {e”‘x,(t); n~N})+y( {e”‘y,(t); HEN}), 
where y = CL or j?, then we have 
h’(t) d eMb(2L + 4M) h(t) a.e. on J. 
So h(t) = 0, by virtue of h(O) = 0. 
By (~2) Ascoli-Arzela’s theorem and the monotonicity of {x,,(t); n E IV} 
and {y,(t); n f N}, we see that there exist two solutions a(t) and b(r) to 
(ivp) such that 
lim x,(t) = a(t) and lim y,( 2) = 6(t) 
“-CC n-m 
hold uniformly on J, and as in [IS], we can prove: 
THEOREM 2. Let (cl)-(~6) be satisfied, then there exist two monotone 
sequences {x”(t); n E N) and {y,(t); n E N} that converge uniformly on J to 
a(t) and b(t) respectively. The two solutions a(t) and b(t) have the following 
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property: if x(t) is u solution to (ivp) und satisfies u(f) < .x(t) < w(t) on J, 
then we have 
o(t)<x,(t)< ‘.. <x,,(t)< .” <a(t)<x(t) 
<b(t) d ... <y,,(t)< “. <y*(t)<w(t) on J. 
Remark 2. It is easy to verify that even iff(t, x) is continuous on Jx D, 
Theorem 2 is still an improvement of the main result in [S]. 
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